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ABSTRACT

Little Red Dots (LRDs) have emerged as one of the central puzzles of the JWST era. Their spectra9

increasingly require dense gas close to the source, yet the physical origin of that cocoon-like structure10

remains unclear. We examine whether late pulsational mass loss from supermassive stars (SMS) leads to11

dense gas cocoons. We analyze five GENEC models at different metallicities with characteristic masses12

of order 105 M⊙, following them through post-accretion evolution with radial pulsation calculations and13

general relativistic (GR) stability diagnostics. Mass loss during the final stages of evolution occurs not14

as a steady wind, but through discrete strange-mode ejection episodes. In the Z = 10−2 Z⊙ model, four15

late episodes last 41–282 yr and eject 10–348M⊙ each, for a total loss of (4.8− 10)× 102 M⊙; the final16

episode alone contributes ≃ 73% of that budget. Since the last episode dominates the mass-loss, it is17

the only event sufficiently massive enough to leave behind a compact, optically thick shell extending out18

to 0.4 pc that reproduces the LRD dense gas cocoon. Final ejecta are H/He dominated but chemically19

distinctive, with a robust nitrogen-rich composition, log(N/O) ≃ 0.13 and log(C/O) ≃ −0.23. SMS20

reaches GR instability at an age of ∼ 1 Myr and collapses in ∼ 104 s, retaining ∼ 99% all of its21

mass. Across the full metallicity range from Pop III to 10−2 Z⊙, this shell-ejection channel persists.22

SMSs therefore provides a physically motivated origin for the compact cocoon-like structure implied23

by LRDs, while remaining the natural progenitors of the massive black hole seeds invoked in direct24

collapse scenario.25

Keywords: early universe — dark ages, reionization, first stars — galaxies: formation — galaxies:26

high-redshift27

1. INTRODUCTION28

The existence of ≳ 109 M⊙ black holes within the first29

billion years remains a demanding constraint on models30

of seed formation in the early universe, and JWST has31

now placed this problem in a new observational context.32

Supermassive stars provide one of the clearest routes to33

heavy seeds because their collapse can occur from pro-34

genitors that already reach ∼ 105 M⊙, avoiding the need35

for prolonged super-Eddington growth from light rem-36

nants. Early work established the basic structure and37

stability of radiation-dominated stars and clarified how38

relativistic instability can drive their collapse (F. Hoyle39

Corresponding author: Devesh Nandal

deveshnandal@yahoo.com

& W. A. Fowler 1963; S. Chandrasekhar 1964; W. A.40

Fowler 1966; I. Appenzeller & K. Fricke 1972; G. M.41

Fuller et al. 1986). More recent studies showed that42

rapid accretion can assemble stars of 104–106 M⊙ and43

revived SMSs as plausible progenitors of heavy black-44

hole seeds (V. Bromm & A. Loeb 2003; M. C. Begel-45

man et al. 2006; T. Hosokawa et al. 2012a; Y. Saku-46

rai et al. 2015; T. E. Woods et al. 2017; L. Haemmerlé47

et al. 2018). Related work has also broadened the en-48

vironments in which such objects may form, including49

dense stellar systems and mildly enriched gas (J. A. Re-50

gan et al. 2020; J. H. Wise et al. 2019; B. Reinoso et al.51

2023; D. Nandal et al. 2024a, 2025a).52

JWST has given this problem a new observational set-53

ting through the discovery of Little Red Dots (LRDs),54

a population of compact high-redshift sources with55

red rest-optical continua, broad Balmer emission, and56
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prominent spectral structure around the Balmer break57

(L. J. Furtak et al. 2023; Y. Harikane et al. 2023; J.58

Matthee et al. 2024; D. D. Kocevski et al. 2025; H. B.59

Akins et al. 2025; A. de Graaff et al. 2025a; D. J. Setton60

et al. 2025; R. P. Naidu et al. 2025). A growing body61

of work now points to dense gas close to the source as62

a central ingredient in shaping both the continuum and63

the emission-line appearance of at least part of the LRD64

population (J. F. W. Baggen et al. 2024; K. Inayoshi &65

R. Maiolino 2025; X. Ji et al. 2025; V. Rusakov et al.66

2026; V. Kokorev et al. 2025; Y. Asada et al. 2026; J.67

Matthee et al. 2026). This has shifted attention not68

only to the nature of the central engine, but also to the69

origin of the compact circumsource material, it’s stabil-70

ity, evolution, time-scales, and survivability itself. Any71

SMS-based interpretation must therefore explain how72

dense gas can be placed on compact scales and the kine-73

matics at the stage when the source becomes observable74

as an LRD, rather than treating that material as an ex-75

ternal assumption (K. Inayoshi & R. Maiolino 2025; A.76

de Graaff et al. 2025b; R. Maiolino et al. 2025).77

Recent studies have shown that SMS spectra can re-78

produce several defining LRD features, while other mod-79

els invoke SMSs embedded in massive self-gravitating80

accretion structures (L. Zwick et al. 2025; D. Nandal81

& A. Loeb 2026; J. Chisholm et al. 2026). However, a82

key remaining question is whether SMSs can also pro-83

duce the surrounding gas required by these interpreta-84

tions. Pulsational mass loss offers one possible channel.85

The envelopes of luminous radiation-dominated stars are86

prone to strongly nonadiabatic strange-mode instability,87

and related pulsations have long been studied in mas-88

sive stars and supergiants (M. Kiriakidis et al. 1993; W.89

Glatzel 1994; H. Saio et al. 1998; M. Godart et al. 2011;90

H. Saio et al. 2013; T. Sonoi & H. Shibahashi 2014; A. P.91

Yadav et al. 2018). In the SMS context, most previous92

work has focused on whether pulsations limit continued93

growth during rapid accretion, or on how instability de-94

velops as the star approaches relativistic collapse (K. In-95

ayoshi et al. 2013; D. Nakauchi et al. 2020; H. Saio et al.96

2024). Much less attention has been given to whether97

late pulsational episodes can expel weakly bound en-98

velope material and thereby explain the compact shell99

with properties relevant to LRD phenomenology.100

In this Letter, we test the following scenario for101

the Balmer-break/LRD regime. After accretion ends,102

the SMS contracts, ignites hydrogen burning, and re-103

expands into a phase of strange-mode instability. A104

small number of discrete pulsational ejections then re-105

move weakly bound envelope material and build a com-106

pact dense cocoon with a characteristic composition107

around the star. The SMS itself continues evolving to-108

ward GR instability and later collapses into a heavy109

black-hole seed. Section 2 describes the stellar models110

and pulsation framework. Section 3 presents the result-111

ing mass-loss episodes, shell properties, and ejecta com-112

position. Section 4 discusses the implications for LRDs113

and heavy-seed formation and section 5 summarizes our114

findings.115

2. METHODS116

2.1. Stellar models117

We analyse five accreting GENEC SMS models span-118

ning Z/Z⊙ = 0, 10−5, 10−4, 10−3, and 10−2. Each119

sequence begins from a fully convective 10M⊙ seed120

and grows at a near-constant accretion rate of Ṁ =121

1M⊙ yr−1 to a characteristic mass of order 105 M⊙. The122

models are then followed through their post-accretion123

evolution. We use the advanced GENEC nuclear net-124

work (D. Nandal & S. Chon 2026), which follows species125

up to the Fe group, and each stored structure contains126

more than 1200 radial layers.127

Our pulsation analysis uses every available stored128

model along each sequence. Additional details of the129

input structure, preprocessing, and quality checks are130

given in Appendix A.131

2.2. Radial pulsations and episodic mass loss132

The envelopes of SMSs are luminous, weakly bound,133

and strongly radiation dominated (T. Hosokawa et al.134

2012b; T. E. Woods et al. 2020). Strange modes are135

envelope-confined pulsations that arise in stars with high136

L/M and short thermal times in their outer layers. Un-137

like ϵ-modes, which are tied to nuclear burning, or κ-138

modes, which rely on opacity driving, strange modes139

are favored when radiation pressure and rapid radiative140

diffusion alter the usual phase relation between pressure141

and density in the outer envelope. SMSs naturally enter142

this regime, so strongly nonadiabatic surface layers can143

support strange-mode behaviour (H. Saio et al. 1998,144

2013; T. Sonoi & H. Shibahashi 2014). We therefore145

solve the linear adiabatic radial problem in Newtonian146

gravity for the lowest few modes of each stored model,147

and also carry out a complementary general-relativistic148

radial calculation following H. Saio et al. (2024). The149

Newtonian modes provide the default eigenfunctions for150

the later analysis, while the GR calculation tracks the151

approach to GR instability.152

We then evaluate driving and damping on these adia-153

batic eigenfunctions, rather than solving the full com-154

plex nonadiabatic problem. This quasi-nonadiabatic155

step provides a growth proxy. Physically, it asks whether156

the radiative envelope does net positive work on the os-157

cillation over a cycle, so that the mode gains energy and158
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grows, or instead loses more energy to damping than it159

receives from driving:160

Emode =

∫
1

2
ρω2

rξ
2
r dV, γ =

1

2Emode

∫
ṗtot dV,

(1)161

where Emode is the mode energy, ρ the local density,162

ωr the real mode frequency, ξr the radial displacement163

eigenfunction, and ṗtot the local work rate per unit vol-164

ume from all driving and damping contributions. The165

quantity γ measures the corresponding net growth rate.166

We then map the inferred driving through energy con-167

servation and pulsation-linked mass-loss estimate,168

Ṁ =
2ηLdrive

v2esc,eff
, (2)169

and cap each estimate by the mass accessible above the170

inferred driving region. We do not interpret these values171

as steady winds. Instead, we group unstable models172

into discrete ejection episodes and derive the mass-loss173

histories, launch conditions, and shell properties used174

below. Full diagnostics and assumptions are given in175

Appendix A.176

2.3. GR stability and collapse follow-up177

We assess the final fate of the models with comple-178

mentary GR stability diagnostics (H. Saio et al. 2024; L.179

Haemmerlé 2021a; C. Nagele et al. 2022), and remap un-180

stable snapshots to a 1D GR hydrodynamics code with181

a 52-isotope nuclear network and neutrino cooling (C.182

Nagele et al. 2021). In the baseline calculation, the un-183

stable SMS proceeds to black-hole formation rather than184

disruption. Further details of the GR criteria, snap-185

shot selection, and collapse evolution are given in Ap-186

pendix A.11 and A.12 .187

3. RESULTS188

Figure 1 summarizes the evolutionary picture that189

emerges from our analysis. After accretion ends,190

the SMS contracts, ignites hydrogen burning, and re-191

expands into a late phase of strange-mode instability. In192

this phase, pulsation-driven mass loss occurs through a193

small number of discrete shell ejections. The earlier ejec-194

tions expand to large radii, while the final pre-collapse195

ejection remains compact, optically thick, chemically196

distinctive, and therefore sets the immediate circum-197

stellar environment relevant to the LRD phase. The198

SMS then continues to GR instability and ultimately199

collapses into a heavy black-hole seed. In the rest of this200

section, we quantify this sequence and identify which201

ejection episode dominates the circumstellar environ-202

ment at collapse.203

Of the five models in our grid, we focus first on the204

Z = 10−2 Z⊙ model, which is the closest match to205

the low but non-zero metallicity regime often associated206

with LRDs and their nearby analogues. No radiative-207

wind prescription is imposed, so the mass loss discussed208

below is entirely pulsational. The accreting phase is pul-209

sationally quiet and is not pursued further here; a fuller210

account of the pre-main sequence is given in D. Nandal211

et al. (2023, 2025b); D. Nandal & A. Loeb (2026).212

3.1. Post-accretion evolution of the Z = 10−2 Z⊙213

model214

The post-accretion track is shown in the left panel215

of Fig. 2, where color encodes the declining central H216

mass fraction. Once accretion ends, the inflated enve-217

lope is no longer maintained, and the star contracts on218

a Kelvin–Helmholtz timescale. The track moves blue-219

ward from log(L/L⊙) = 9.57 and log Teff = 3.92 to a220

maximum temperature of log Teff = 4.32 at nearly un-221

changed luminosity, log(L/L⊙) = 9.55. This contrac-222

tion lasts ≃ 1.35 × 105 yr and remains entirely free of223

pulsation-driven mass loss.224

The contraction ends at Xc ≃ 0.69, where the track225

bends back to the red. By then the energy budget is226

dominated by CNO burning, and the track migrates to227

lower Teff again as the outward flux does work in ex-228

panding the envelope (D. Nandal et al. 2023, 2024b; D.229

Nandal & A. Loeb 2026). The star therefore returns230

to a red-supergiant-like configuration, not on the short231

thermal timescale of the earlier contraction, but on the232

much slower nuclear timescale. Over the next ∼ 9× 105233

yr it evolves to log(L/L⊙) = 9.57, log Teff = 3.90,234

and age 1.1 Myr, by which point the central H frac-235

tion has fallen to Xc ≃ 0.10. During this re-expansion,236

the inflated radiation-dominated envelope becomes in-237

creasingly weakly bound, while the outer layers remain238

strongly nonadiabatic, favoring strange-mode driving.239

The first three pulsation-driven mass loss episodes ap-240

pear along this long redward drift, marked by the purple241

segments in the left panel of Fig. 2.242

The final stage is spent at near constant effective tem-243

perature highlighted in the same panel. From 1.10 to244

1.27 Myr, the star remains in this region and under-245

goes its fourth, and final, pulsation-loss episode. By246

age 1.27 Myr, when Xc ≃ 0.01, the model satisfies247

the GR instability criterion and enters dynamical col-248

lapse. Despite this large excursion across the HR dia-249

gram, the luminosity stays confined to the narrow range250

log(L/L⊙) = 9.55–9.57 along the full post-accretion251

track.252
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Figure 1. Schematic illustration of the SMS pathway explored in this Letter, from the end of accretion to collapse. After
accretion ends, the star contracts, ignites hydrogen burning, and re-expands into a late phase of strange-mode instability.
Pulsation-driven mass loss then proceeds through discrete ejection episodes that remove weakly bound envelope material. The
earlier shells expand to large radii, whereas the final pre-collapse ejection remains compact and dense, setting the immediate
circumstellar environment relevant to the LRD phase. The ejecta also carries a characteristic abundance pattern. The SMS
then continues toward GR instability and ultimately collapses into a heavy black-hole seed. The drawing is schematic and not
to scale.

3.2. Pulsation-driven mass-loss history253

The four purple windows in the left panel of Fig. 2254

map directly onto the four discrete ejection episodes255

in the right panel, centered at 0.322, 0.520, 0.959, and256

1.218 Myr. The mass loss is therefore highly selective in257

time. It is not spread smoothly across the post-accretion258

evolution, but concentrated into several well-separated259

outbursts.260

The right panel of Fig. 2 shows that the strength of261

these events rises systematically with time. On the fidu-262

cial branch, the mean mass-loss rates increase from 0.25263

and 0.32 M⊙ yr−1 in the first two episodes to 0.67 and264

1.23 M⊙ yr−1 in the third and fourth. The upper branch265

follows the same progression, with rates of 0.84, 1.08,266

2.25, and 2.13 M⊙ yr−1. The effective durations of each267

episode also lengthen from 41.1 and 60.6 yr to 151.2 and268

281.9 yr. The late episodes are therefore stronger both269

in their instantaneous rates and in their finite durations.270

The same pattern appears even more clearly in the271

integrated ejecta masses in the bottom window of the272

right panel in Fig. 2. The fiducial episode masses are273

10.4, 19.7, 101.9, and 348.0 M⊙, while the upper branch274

gives 34.6, 65.6, 339.5, and 599.9 M⊙. Summed over the275

full sequence, the cumulative mass lost reaches 4.80 ×276

102 M⊙ on the fiducial branch and 1.04×103 M⊙ on the277

upper branch. Even the larger of these remains at only278

the ∼ 1% level of the ∼ 105 M⊙ star. The pulsations279

therefore do not disrupt the SMS as a whole. They280

remove a modest but physically important fraction of281

the outer envelope. The final episode dominates this282

budget, contributing ≃ 73% of the cumulative fiducial283

loss and ≃ 58% of the cumulative upper-limit loss.284
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Figure 2. Left: Post-accretion Hertzsprung–Russell evolution of the 105 M⊙, Z = 10−2 Z⊙ model commences at
log(L/L⊙) = 9.57, log Teff = 3.90. The track is colored by the central hydrogen mass fraction, Xc. Purple segments mark
phases with pulsation-driven mass loss, the black circle marks the onset of GR instability, and the hatched band indicates the
Balmer-break/LRD corridor. Thin black curves show lines of constant radius. Right: Pulsation-driven mass-loss history of the
same sequence. The top panel shows the episode-averaged mass-loss rate for the fiducial and upper branches, and the bottom
panel shows the cumulative ejected mass. Four discrete episodes occur at 0.322, 0.520, 0.959, and 1.218 Myr, with both the
rates and integrated ejecta increasing toward late times. The final pre-collapse episode dominates the total mass lost.

The physical trend is equally clear. All four ac-285

tive episodes are classified as strange-mode dominated286

in our channel decomposition, consistent with strongly287

nonadiabatic, surface-centered driving in the radiation-288

dominated envelope. The first two events remain mod-289

est. The third is already an order of magnitude stronger290

in ejected mass than the first, and the fourth becomes291

the defining mass-loss event of the sequence. This292

strengthening is not caused by a steadily growing reser-293

voir, since the accessible mass cap stays near 6×102 M⊙294

across all four episodes. A more natural interpretation295

is that, as the star returns to an extended cool config-296

uration and approaches both the Balmer-break corridor297

and the onset of GR instability, the coupling between298

the pulsation and the outer envelope becomes markedly299

more effective.300

3.3. Event durations and launch conditions301

The two panels of Fig. 3 place the four mass-loss302

episodes on complementary physical scales. In the left303

panel, the effective durations (∆teff) are 41.1, 60.6,304

151.2, and 281.9 yr for episodes 1–4. These values are305

far longer than the linear pulsation periods (P), 0.411,306

0.606, 1.512, and 2.819 yr, and also longer than the cor-307

responding growth e-folding times (τgrow), 0.412, 0.406,308

0.688, and 2.242 yr. Each event therefore lasts for309

∼ 100P , or roughly 102 to 2× 102 growth times. At the310

same time, the events remain far shorter than the local311

evolutionary half-gaps, which are 9.9 × 104, 8.8 × 104,312

7.0 × 104, and 6.0 × 104 yr. They are therefore neither313

single-cycle impulses nor quasi-steady winds, but intrin-314

sically finite pulsation episodes.315

The right panel shows how the launch conditions316

evolve from one episode to the next. The structural317

escape speed declines from 2587 and 2283 km s−1 in318

the first two episodes to 1583 and 1176 km s−1 in the319

third and fourth. Over the same interval, the linear pul-320

sation speed scale R/P remains much smaller, falling321

only from 307 to 216 km s−1. Taken on its own, that322

scale is too small to unbind the outer layers. The si-323

nusoidal scale 2πR/P , however, rises to a large frac-324

tion of the escape speed in the first three events, with325

v2πR/P /vesc ≃ 0.74, 0.73, and 0.88, and reaches 1.15 in326

the final episode. By the last event, the natural pul-327

sation speed scale has therefore become comparable to,328

and slightly larger than, the local escape threshold.329

The two radiative reference scales in Fig. ?? separate330

a momentum constraint from an energy constraint. The331

lower radiative point is the single-scattering momen-332

tum scale, vL/c = L⋆/(Ṁc). Because these events are333

discrete pulsation-driven ejections rather than steady334

winds, we use vL/c only as a benchmark for whether335

a purely radiative, momentum-limited outflow could336

launch the inferred event-averaged mass flux. On the337

fiducial branch, vL/c decreases from 298 and 232 km s−1
338

in the first two episodes to 111 and 61.5 km s−1 in the339

third and fourth, and remains well below vesc through-340
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out. The upper radiative point is the photon-tiring341

scale, which instead remains comfortably above escape342

in all four cases, ranging from 1.31 × 104 to 5.96 × 103343

km s−1. The global radiative energy budget is therefore344

sufficient, but a purely momentum-limited radiative out-345

flow would still struggle on its own. The limiting factor346

is how efficiently strange-mode pulsations couple that347

available energy to the weakly bound outer envelope.348

Taken together, Fig. 3 shows why the final outburst349

dominates the sequence. It is the longest-lived event, it350

occurs when the envelope is least tightly bound, and it351

is the only episode for which 2πR/P overtakes vesc. The352

key result is therefore clear: the luminosity can power353

the ejection, but only the late strange-mode pulsations354

couple that energy efficiently enough to launch the outer355

envelope. As shown in Sec. 3.4 and discussed further in356

Sec. 4.2, this also makes the final shell the only one357

likely to remain optically relevant during an LRD-like358

phase: the earlier ejecta expand and dilute, whereas the359

last event can still form a compact reprocessing layer on360

timescales of only a few to a few tens of years.361

3.4. Circumstellar outcome at near the onset of362

collapse363

Figure 4 maps the four strange-mode mass-loss364

episodes into the circumstellar structural parameters365

present at the end of the model. The launch-speed366

brackets, inferred from Fig. 3, vary only modestly from367

one episode to the next, with vlow ≃ 0.22–0.31× 103 km368

s−1 and vhigh ≃ 1.36–1.93×103 km s−1. The circumstel-369

lar outcome is therefore shaped less by a large change in370

launch speed than by a large difference in coasting time:371

the first three eruptions have had hundreds of thousands372

of years to travel outward, whereas the fourth is created373

only shortly before collapse.374

This contrast is clear in the right panel of Fig. 4. By375

the onset of collapse, the first three fiducial episodes oc-376

cupy shell-like bands with inner radii of 281.0, 190.4,377

and 59.0 pc and outer radii of 1765.5, 1196.3, and 370.6378

pc. The fourth event is qualitatively different. Its in-379

ner edge remains at the stellar radius, 6.23 × 10−4 pc,380

and its outer edge reaches only 0.392 pc. The result is381

a strongly stratified circumstellar structure: three old,382

highly extended shells surround a single compact inner383

ejection that remains close to the star.384

The optical-depth contrast is equally sharp. For385

the first three episodes, the geometric optical depths386

are negligible, τgeo ≃ 1.18 × 10−10, 4.89 × 10−10, and387

2.63× 10−8, and even the corresponding inner-edge val-388

ues remain tiny, at 7.42 × 10−10, 3.07 × 10−9, and389

1.66 × 10−7. The fourth shell again stands apart:390

τgeo ≃ 8.04, τin ≃ 5.06 × 103, and τout ≃ 1.28 × 10−2.391

Within this approximation, only the last event can pro-392

vide an optically important circumstellar shell at col-393

lapse. These values are order-of-magnitude diagnostics394

based on a constant opacity, κ = 0.34 cm2 g−1, rather395

than full radiative-transfer solutions. A conceptually396

similar behavior is observed in R Coronae Borealis-type397

variable stars, F-to-G type hydrogen-deficient super-398

giants, which experience episodic fading of their optical399

brightness by a factor of up-to 5000 explained by the400

ejection of optically thick dusty shells (see e.g., I. Iben401

et al. 1996).402

Finally, the shell masses reinforce the same picture.403

On the fiducial branch, the first three events eject 10.4,404

19.7, and 101.9M⊙, while the final episode contributes405

348.0M⊙. By collapse, the first three strange-mode406

eruptions have diluted into very extended, optically neg-407

ligible relics, whereas the final event remains both com-408

pact and massive enough to set the immediate circum-409

stellar environment.410

3.5. Composition of the final ejecta411

Since Fig. 4 shows that the immediate pre-collapse412

environment is set by the fourth and final eruption, we413

now examine the composition of that shell in Fig. 5. The414

left panel shows the abundance profile at t = 1.218 Myr415

together with the fiducial and upper ejection windows.416

Both sample the outer radiative envelope and remain417

overwhelmingly H/He rich. The upper window reaches418

slightly deeper, but the overall CNO pattern remains419

similar in the two cases.420

The right panel of Fig. 5 shows the integrated shell421

masses. In the fiducial shell, the ejecta contain 243M⊙422

of H and 105M⊙ of He, together with 4.84 × 10−3,423

1.3 × 10−2, and 1.1 × 10−2 M⊙ in C, N, and O. The424

upper shell follows the same pattern, with 419M⊙ of425

H, 180M⊙ of He, and 8.35 × 10−3, 2.24 × 10−2, and426

2.04× 10−2 M⊙ in C, N, and O. In both cases the shell427

is therefore H/He dominated by mass, while the trace428

heavy-element pattern is nitrogen rich, with N > O >429

C.430

The logarithmic number ratios make the same431

point more clearly. For the fiducial shell we obtain432

log(N/O) ≃ 0.13 and log(C/O) ≃ −0.23. For the up-433

per shell the corresponding values are log(N/O) ≃ 0.10434

and log(C/O) ≃ −0.26. The He/H number ratio is also435

nearly unchanged, with He/H ≃ 0.108 and 0.107 for the436

fiducial and upper shells. The key result is that the437

nitrogen excess is robust. It survives the uncertainty438

in how deeply the final eruption reaches into the outer439

envelope.440

This is the main message of Fig. 5. The final strange-441

mode shell is not merely H rich. It carries a distinctive442
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Figure 3. Timescale and velocity diagnostics for the four pulsation-driven mass-loss episodes in the Z = 10−2 Z⊙ 105 M⊙
sequence. Left: effective episode durations compared with the mode period, the linear growth e-folding time, and the local
half-gap between adjacent stored models. The events last 41.1, 60.6, 151.2, and 281.9 yr, corresponding to ∼ 100 pulsation cycles
in each case, and remain far shorter than the local evolutionary spacing. Right: structural escape speed, characteristic pulsation
speeds R/P and 2πR/P , and two radiative reference scales on the fiducial branch: the lower point gives the single-scattering
momentum scale vL/c, while the upper point gives the photon-tiring scale vtir.

chemical signature. In our earlier SMS calculations, en-443

hanced N/O emerged as a recurring abundance finger-444

print of SMS ejecta (D. Nandal et al. 2024a,c, 2025b,c).445

The shell shown here therefore provides an explicit com-446

position prediction for the compact circumstellar mate-447

rial present at collapse, with direct observational diag-448

nostics in N/O, C/O, and He/H.449

Taken together, these results define a late-time SMS450

mass-loss channel in which rare strange-mode outbursts451

eject only a modest fraction of the envelope, while the fi-452

nal pre-collapse event leaves behind the compact, chem-453

ically distinctive shell most relevant to the LRD phase.454

4. DISCUSSION455

4.1. From SMS to a Direct Collapse Black Hole456

The final fate of the Z = 10−2 Z⊙ SMS is set by457

general-relativistic instability. We compute three esti-458

mates of the onset of the GR radial instability based459

on individual stellar snapshots. A linear adiabatic GR460

criterion of H. Saio et al. (2024) and post-Newtonian461

estimate of L. Haemmerlé (2021b) both place the onset462

of instability at an age of roughly 1.3Myr, while a rela-463

tivistic adiabatic analysis which accounts for non-linear464

perturbations finds a slightly earlier onset at 0.9Myr (C.465

Nagele et al. 2022). The 1D GR hydrodynamics follow-466

up confirms that this earlier model collapses to a black467

hole. All three criteria agree that the SMS will live for468

approximately one mega-year and will form a black hole469

after losing a small fraction of its envelope. The GR hy-470

drodynamics calculation shows that this black hole will471

form within roughly 104 s of the instability, and that472

the vast majority of the stellar material will fall into473

the black hole. In this sense, the SMS provides a direct474

pathway to a ∼ 105 M⊙ direct-collapse black hole.475

We caveat that we have not included all relevant forms476

of mass loss in these calculations, and therefore may be477

underestimating the amount of mass ejected. In partic-478

ular, line driven winds (C. Nagele & H. Umeda 2023;479

C. Nagele et al. 2023a) and thermonuclear driven pul-480

sations (C. Nagele et al. 2022, 2023b; C. Nagele & H.481

Umeda 2024) can both liberate 100 ∼ 1000 M⊙ of SMS482

material. The more material ejected, the lighter the483

remnant black hole, but also the longer the cocoon re-484

mains optically thick and resembles an LRD. For in-485

stance if strange mode ejecta remains marginally bound,486

or is decelerated by the dense natal reservoir and stalls487

at the shell scale of 0.392 pc, that ejecta would return488

on a fallback timescale of ∼ 1.3 × 104 yr. Larger ejecta489
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Figure 4. Shell morphology implied by the four pulsation–
driven mass-loss episodes at the end of the Z = 10−2 Z⊙
105 M⊙ model. The reference epoch is the end of the fourth
episode. The first three ejections have already coasted to
large radii and are optically thin, with shell bands spanning
∼ 59 to 1766 pc and negligible optical depth. The fourth
event remains compact, extending from the stellar radius to
only 0.392 pc, and is the only shell that remains optically
important at collapse, with τgeo ≃ 8. The immediate circum-
stellar environment is therefore set by the final strange-mode
eruption, while the earlier episodes survive only as diffuse
outer relics.

masses and stall radii would lead to longer fall-back490

times. The importance of this fallback mechanism is491

to prolong the lifetime of the optically thick cocoon and492

to provide a new reservoir for accretion: if the returning493

gas retains sufficient angular momentum, part of it could494

circularize into a disc, providing a possible link between495

SMS collapse and a longer-lived, gas-enshrouded accret-496

ing source (M. C. Begelman et al. 2008; R. P. Naidu497

et al. 2025).498

4.2. Pulsation-driven shells as the origin of cool LRD499

continua500

Some recent works have argued that at least part of501

the LRD continuum arises from cool dense gas with502

characteristic temperatures of a few 103 K (H. Liu et al.503

2025; D. Kido et al. 2025; B. Wang et al. 2026; A. de504

Graaff et al. 2025b). Our models offer a natural way505

to produce such values. The low observed temperature506

does not have to trace the hydrostatic SMS surface. It507

can instead be set by the last optically thick shell ejected508

by pulsations.509

The shell properties in our Z = 10−2 Z⊙ model510

are already sufficient for this. The luminosity stays511

near log(L/L⊙) ≃ 9.57. Re-emitting that luminos-512

ity at 4000 K requires a photospheric radius of only513

≃ 5.9 × 102 AU. For 3000 K, the required radius is514

≃ 1.05 × 103 AU. These radii are only a few times515

larger than the hydrostatic SMS radius for Teff ∼ 7000–516

8000 K, and they remain far inside the final shell extent517

of ∼ 0.392 pc.518

The onset timescale is also short. Using the launch-519

speed range of the last ejection, v ≃ 2.2 × 102–1.36 ×520

103 km s−1, the shell reaches the 4000 K radius in only521

∼ 2–13 yr. It reaches the 3000 K radius in only ∼ 4–522

23 yr. A cool apparent photosphere can therefore be523

established within only a few years to a few tens of years524

after ejection. The inferred shell mass, ∼ 3.5× 102–6×525

102 M⊙, is large enough that only a modest continuum526

opacity is required for part of the ejecta to maintain527

τ ∼ 1 at these radii. Adiabatic expansion and later528

dust formation would strengthen the same trend. In this529

picture, an intrinsically hotter SMS can still produce a530

continuum with an apparent temperature of only 3000–531

4000 K.532

4.3. Predicted observational signatures533

The predicted photospheric Teff ∼ 7000 K and dusty534

shells should give the SMS a yellow-hypergiant-like ap-535

pearance. This is a rare stellar class in the Milky536

Way and nearby galaxies, but scaled up in luminos-537

ity and with a different abundance pattern. Objects538

such as IRC+10420 and IRAS 17163-3907 (the “Fried539

Egg Nebula”) show moderately reddened late-A/early-540

F spectra with characteristic (broad) emission and ab-541

sorption lines formed in their complex circumstellar en-542

velopes (R. M. Humphreys et al. 1997, 2002; E. Lagadec543

et al. 2011; S. H. J. Wallström et al. 2015). SMSs should544

generate such features, although the different fiducial545

layer abundance pattern shown in Fig. 5 can modify546

various absorption-line ratios. We may expect weaker547

oxygen, carbon, and magnesium, and stronger nitrogen548

features. Any iron lines would reflect the composition of549

the birth gas rather than in-situ production during the550

hydrogen-burning stage.551

Pulsation-driven mass loss produces multiple shell552

components with characteristic launch speeds of order553

102–103 km s−1. This should produce blueshifted multi-554

component absorption lines, or asymmetric profiles if555

the components blend, from atomic species such as Na i556

and K i at sufficiently high column density. At the same557

time, line-driven mass loss at 10−2 Z⊙ should produce558

more classical wind signatures, including P Cygni-like559

profiles in lines such as Hα and metastable He i. Such560

broad hydrogen and helium features are already seen in561

LRDs at both low (R. Lin et al. 2025; X. Ji et al. 2026)562

and high redshift (J. Matthee et al. 2026).563

5. CONCLUSION564

In this Letter, we asked whether late pulsational mass565

loss from supermassive stars can assemble the compact566
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Figure 5. Composition of the final pulsation-driven shell at t = 1.218 Myr. The left panel shows the abundance profile of the
outer envelope together with the fiducial and upper ejection windows; both sample the outer radiative layers, with the upper
window reaching slightly deeper. The right panel shows the integrated shell masses of H, He, C, N, and O for the fiducial and
upper shells. In both cases the ejecta are dominated by H and He, but the trace CNO composition is nitrogen rich.

circumstellar material required in SMS-based interpre-567

tations of LRDs. Our results show that it can. Late568

strange-mode pulsations create a small number of dis-569

crete pre-collapse ejection episodes that build a compact570

inner shell without removing more than a modest frac-571

tion of the stellar mass. Across the full metallicity range572

from Pop III to 10−2 Z⊙, this shell-ejection channel per-573

sists.574

• Late-time SMS mass loss by pulsations is575

discrete rather than steady. The mass loss576

does not appear as a persistent wind phase. It is577

concentrated into a finite number of strange-mode578

ejection episodes, separated by long intervals of579

relative quiescence. In the Z = 10−2 Z⊙ model,580

which provides the clearest LRD analogue, only581

four fiducial episodes occur. They last 41.1, 60.6,582

151.2, and 281.9 yr, and eject 10.4, 19.7, 101.9,583

and 348.0M⊙.584

• The shell relevant to the LRD phase is set585

by the last major ejection. Earlier ejecta have586

hundreds of thousands of years to coast outward587

and become optically negligible. The final pre-588

collapse event remains compact, extending only589

from the stellar radius to ∼ 0.392 pc, and is the590

only shell that remains optically important at col-591

lapse, with τgeo ≃ 8. The observationally relevant592

shell is therefore not the accumulated residue of593

prior mass loss. It is the direct product of the594

final strange-mode outburst.595

• The final shell comes with direct, testable596

predictions. In the fiducial Z = 10−2 Z⊙ case,597

the final shell contains ∼ 243M⊙ of H and ∼598

105M⊙ of He, together with a robust nitrogen-599

rich trace composition, log(N/O) ≃ 0.13 and600

log(C/O) ≃ −0.23. The ejecta are launched with601

characteristic speeds of order 102–103 km s−1. The602

shell therefore carries quantitative predictions in603

mass, radius, velocity, and composition that can604

be confronted directly with LRD observations.605

• Pulsations reshape the surroundings with-606

out erasing the heavy seed. In the Z =607

10−2 Z⊙ model, the total ejected mass is only608

4.80 × 102 M⊙ on the fiducial branch and 1.04 ×609

103 M⊙ on the upper branch, remaining a small610

fraction of the stellar mass. The star reaches GR611

instability at an age of ∼ 1 Myr, and collapses on612

a timescale of 104 s. The resulting seed therefore613

remains close to the stellar mass at instability, of614

order 105 M⊙.615

These results place SMSs at the center of several616

ideas that are often discussed separately. In the direct-617

collapse picture, massive black-hole seeds form directly618

from collapsing protogalactic gas. In quasi-star models,619
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a black hole grows inside a massive hydrostatic enve-620

lope. In recent BH⋆ interpretations of LRDs, a black621

hole is embedded in dense gas that shapes the emergent622

spectrum (R. Barkana & A. Loeb 2004; M. C. Begel-623

man et al. 2008; R. P. Naidu et al. 2025). Our results624

suggest that SMS evolution can provide the bridge be-625

tween these frameworks: it can first assemble the com-626

pact shell required for the observable LRD phase, and627

then collapse almost intact into the heavy seed itself.628

In this sense, the SMS links the circumstellar structure,629

the LRD appearance, and the birth of the massive black-630

hole seed in one continuous evolutionary pathway.631

A logical next step is to turn these shell properties632

into forward models of continua and line diagnostics, so633

that pulsational shell ejection from SMSs can be tested634

directly against the observed spectra of LRDs.635
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APPENDIX851

A. EXTENDED METHODS852

We analyse the full evolutionary outputs of five853

GENEC supermassive-star sequences. Each stored854

model is treated as a complete stellar structure at one855

evolutionary time: we read the full radial profile from856

the StrucData file and use the auxiliary v file, when857

present, to supply additional thermodynamic and trans-858

port quantities. The calculation is therefore performed859

on the full star for every stored model, rather than on a860

reduced envelope subset.861

For each model we retain the radial profiles needed for862

the pulsation analysis,863

r, Mr, P, ρ, T, κ, ϵ, Lrad, Ltot,864

together with composition, convective quantities, and865

the thermodynamic derivatives used to evaluate the adi-866

abatic exponents,867

Γ1 =
χρ

1− χT∇ad
, (A1)868

Γ3 − 1 = Γ1∇ad. (A2)869

Before proceeding, we require the structure to remain870

physically well behaved, including monotonic radius and871

enclosed mass and finite thermodynamic variables.872

A.1. Candidate envelope regions873

The later nonadiabatic analysis is not carried out874

blindly over the whole star. Instead, we first iden-875

tify physically motivated envelope regions where radial876

driving is most likely to occur. These include the H,877

He I, and He II partial-ionization zones, the iron-opacity878

bump, the deeper iron feature, and a near-surface radia-879

tive layer (H. Saio et al. 2024). In practice we use the880

temperature intervals881

H : 3.75 ≤ log T ≤ 4.20, (A3)882

He I : 4.20 ≤ log T ≤ 4.75, (A4)883

He II : 4.55 ≤ log T ≤ 5.10, (A5)884

Fe : 5.15 ≤ log T ≤ 5.35, (A6)885

deep Fe : 6.15 ≤ log T ≤ 6.40, (A7)886

together with an outer surface layer defined by q =887

Mr/M⋆ ≳ 0.99.888

We also evaluate simple envelope diagnostics as-889

sociated with strange-mode behaviour in luminous,890

radiation-dominated stars, including large L/M , low891

outer gas-pressure fraction, short local thermal times,892

and a large radiative flux fraction (H. Saio et al. 1998,893

2013; T. Sonoi & H. Shibahashi 2014). These quantities894

are used only to flag plausible driving regions. They do895

not determine the final mode selection, which is based896

instead on the shell-by-shell work analysis described be-897

low.898

A.2. Radial modes899

We begin with linear adiabatic radial pulsations. In900

Newtonian gravity, writing the radial displacement as901

ξr = rη, the pulsation equation may be written in self-902

adjoint form,903

d

dr

[
A(r)

dη

dr

]
+

[
B(r) + ω2C(r)

]
η = 0, (A8)904

with905

A(r) = Γ1Pr4, (A9)906

B(r) = r3
d

dr
[(3Γ1 − 4)P ] , (A10)907

C(r) = ρr4. (A11)908

Regularity is imposed at the centre, and the outer909

boundary condition is the vanishing of the Lagrangian910

pressure perturbation,911

∆P = 0. (A12)912

We solve for the lowest radial modes by scanning eigen-913

frequency space, locating sign changes in the surface914

residual, and refining each root by bisection.915

To place the same sequences in a relativistic context,916

we also solve the general-relativistic radial problem fol-917

lowing H. Saio et al. (2024). The equilibrium metric is918

written as919

ds2 = −e2ac2dt2 + e2bdr2 + r2dΩ2, (A13)920

and the perturbation equations are solved in the vari-921

ables922

Y1 =
ξr
r
, Y2 =

∆P

P
, (A14)923

with924

dY1

d ln r
= −

(
3− da

d ln r

)
Y1 −

Y2

Γ1
, (A15)925

dY2

d ln r
=

[
AGR + ω2DGR

]
Y1 +BGRY2. (A16)926

This GR calculation is used to follow the approach to927

relativistic softening and instability. The Newtonian928

modes remain the default basis for the driving and mass-929

loss estimates described below.930
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A.3. Quasi-nonadiabatic driving and mode selection931

The next step is not a full nonadiabatic eigenvalue cal-932

culation. Instead, we evaluate local driving and damp-933

ing terms on the adiabatic eigenfunctions. This provides934

a transparent picture of where positive work is concen-935

trated and which physical channel is responsible for it.936

The local compression implied by the radial displace-937

ment is938

∆ ln ρ ≈ − 1

r2
d

dr

(
r2ξr

)
, (A17)939

and the associated adiabatic temperature response is940

∆ lnTad = (Γ3 − 1)∆ ln ρ. (A18)941

To measure how effectively a layer can exchange heat942

over one cycle, we compare the pulsation period P with943

the local thermal time,944

tth(ri) ≈
∑N

j=i CV,jTj∆mj

L⋆
, (A19)945

and define946

xth =
P

tth
, fth =

2xth

1 + x2
th

. (A20)947

This weighting peaks when P ∼ tth. Convective damp-948

ing is treated in the same spirit by comparing the pul-949

sation period with the local convective turnover time.950

Opacity driving is measured through the response of951

the radiative conductivity,952

Krad ∝ T 3

κρ
, (A21)953

to adiabatic compression. Using954

d lnκ = κT d lnT + κρ d ln ρ, (A22)955

together with the adiabatic relation for d lnT , we obtain956 (
d lnKrad

d ln ρ

)
ad

= (3− κT )(Γ3 − 1)− (1 + κρ). (A23)957

Compression increases radiative trapping when this958

quantity is negative, so the sign-reversed form serves959

as our local opacity-driving proxy.960

For completeness we also monitor the adiabatic sensi-961

tivity of the nuclear energy generation rate,962

ϵcoeff = ϵT + (Γ3 − 1)ϵρ. (A24)963

This term is retained as a diagnostic, but it is not in-964

cluded in the default net-driving sum and is not used as965

the primary criterion for mode selection.966

To represent the outer-envelope contribution, we in-967

clude a separate surface term that grows when the local968

layer is radiatively dominated, weakly supported by gas969

pressure, close to the surface, and dynamically impor-970

tant in the eigenfunction. We interpret this term as a971

proxy for surface-leakage or strange-mode-like behaviour972

rather than as a formal strange-mode solution.973

The local power densities are therefore written974

schematically as975

ṗκ ∝ ρCV T

tth
(∆ lnTad)

2
frad fth Tκ, (A25)976

ṗsurf ∝
ρCV T

tth
(∆ lnTad)

2 Ssurf , (A26)977

ṗconv ∝ −ρCV T

tth
(∆ lnTad)

2
fconv, (A27)978

where frad = Lrad/Ltot after repair, Tκ is the opacity-979

trapping factor, and Ssurf is the surface-driving proxy.980

The default net driving is981

ṗtot = ṗκ + ṗsurf + ṗconv. (A28)982

From these local terms we form the global mode en-983

ergy and driving power,984

Emode =

∫
1

2
ρω2

rξ
2
r dV, (A29)985

Ṗ =

∫
ṗtot dV, (A30)986

and define the corresponding growth proxy,987

γ =
Ṗ

2Emode
. (A31)988

The work contributed by each shell over one cycle is989

Wshell,i = ṗi ∆Vi P. (A32)990

The mode carried forward at each stored model is cho-991

sen by balancing three considerations: positive growth,992

concentration of positive work in a physically plausi-993

ble envelope layer, and consistency between that work-994

producing layer and the candidate region identified from995

the equilibrium structure.996

A.4. Re-identifying the driving layer997

The outermost zones of luminous stellar models can998

contain numerically unreliable radiative fractions (A.999

Maeder & G. Meynet 2000). For that reason, we re-1000

examine the candidate driving region before converting1001

any unstable mode into a mass-loss estimate.1002

We first rewrite the opacity derivatives in more diag-1003

nostic forms. At constant pressure,1004 (
∂ lnκ

∂ lnT

)
P

= κT − χT

χρ
κρ, (A33)1005
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while along an adiabatic path,1006 (
d lnκ

d lnT

)
ad

= κT +
κρ

Γ3 − 1
. (A34)1007

These combinations provide compact measures of1008

whether compression tends to increase radiative trap-1009

ping.1010

Where the raw radiative luminosity fraction becomes1011

unphysical, we reconstruct the radiative luminosity from1012

the diffusion form of the temperature gradient,1013

Lrad,rec =
16πacGMrT

4∇
3κP

. (A35)1014

We use the original profile where it remains admissible1015

and substitute the reconstructed value only in problem-1016

atic cells. The repaired profile is then used to rank the1017

candidate driving zones.1018

This step does not redefine the stellar model. Its pur-1019

pose is simply to ensure that the inferred driving layer is1020

physically plausible and not an artifact of a few patho-1021

logical outer mesh points.1022

A.5. Caveat on steady radiative mass loss1023

Other forms of mass loss may also operate during SMS1024

evolution and are not excluded here. During brief hot1025

blueward excursions, line-driven winds of the type de-1026

scribed by J. S. Vink et al. (2001) could in principle1027

contribute, while on the cool supergiant side one may1028

appeal to empirical prescriptions such as C. de Jager1029

et al. (1988). The difficulty is that these prescriptions1030

are not calibrated for near-Eddington SMS envelopes.1031

This uncertainty was explored by D. Nandal & S.1032

Chon (2026) for a Z = 10−4 Z⊙ SMS. Starting from1033

a mid core-H-burning model of 7.3973 × 104 M⊙, they1034

evolved the star without further accretion or collisions1035

until H exhaustion. The de Jager prescription reduced1036

the final mass to 2.3421 × 104 M⊙, implying a total1037

loss of ∼ 5.1 × 104 M⊙, whereas the Vink prescription1038

gave Mf = 6.2348 × 104 M⊙, implying a loss of only1039

∼ 1.2 × 104 M⊙. In that test, the Vink-like wind be-1040

came important only during brief hot contraction phases1041

with Teff ≳ 2.5 × 104 K. These values should therefore1042

be read only as first-order bounds rather than as robust1043

SMS wind predictions. For that reason, and to isolate1044

the role of discrete pulsational ejection, we do not im-1045

pose an additional steady radiative-wind prescription in1046

the fiducial calculations. The mass loss discussed here1047

should therefore be read specifically as the pulsation-1048

linked component.1049

A.6. From unstable modes to mass loss1050

Once a driving layer has been identified, we translate1051

the pulsation diagnostics into a conservative estimate of1052

pulsation-linked mass loss. The coupling is written in1053

terms of a luminosity fraction,1054

fcoup = min
[
fcoup,max,

Cbranch gP max(Wmetric, Ometric) wconf bch

]
(A36)

1055

where gP = γP is the growth per period, Wmetric1056

and Ometric measure how strongly the inferred driving1057

layer participates in the work budget, wconf is a confi-1058

dence weight, and bch allows a modest dependence on1059

the dominant driving channel. The branch-dependent1060

ceiling fcoup,max is listed in Table A1. We define1061

Wmetric = (f+f|W |)
1/2,

Ometric = 0.6f+ + 0.4min(1, 2f|W |).
(A37)1062

where f+ is the fraction of the positive work budget1063

arising in the inferred driving layer and f|W | is the cor-1064

responding absolute-work fraction.1065

To reflect the weak binding of the outer envelope, we1066

replace the structural escape speed by an effective escape1067

scale,1068

vesc,eff = vesc
√
fbind,eff , vesc =

(
2GM⋆

R⋆

)1/2

,

(A38)1069

where fbind,eff is a reduced binding factor derived from1070

the local gas-pressure fraction and radiative support.1071

This is a simple envelope-binding proxy rather than a1072

full dynamical calculation.1073

The mass-loss rate is then written in energy-limited1074

form,1075

Ṁ =
2ηLdrive

v2esc,eff
, Ldrive = fcoupL⋆. (A39)1076

Here η is an explicit efficiency factor, varied over low,1077

fiducial, and high branches. Each estimate is capped by1078

the mass accessible above the inferred driving layer, so1079

that the procedure cannot eject more material than is1080

locally available.1081

The numerical coefficients used in this mapping are1082

collected in Table A1. Surface-dominated cases are1083

allowed to couple more strongly than deeper opacity-1084

driven cases, reflecting the weaker binding of the outer-1085

most layers.1086

This part of the method is necessarily approximate.1087

The present work does not solve nonlinear radiation hy-1088

drodynamics, so the mapping from pulsational driving1089

to Ṁ should be read as a structured estimate rather1090

than as a unique prediction.1091
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Table A1. Branch-dependent parameters used in the pulsation–mass-loss mapping.

Branch family Cbranch fcoup,max ηlow, ηfid, ηhigh Accessible mass cap Macc

Surface-leakage dominated 6 0.05 0.10, 0.30, 1.00 min[M>, max(0.5M>,Msh)]

Opacity-dominated 4 0.02 0.03, 0.10, 0.30 min(0.35Msh, M>)

Mixed 5 0.03 0.05, 0.15, 0.50 min(0.6M>, 0.6Msh + 0.4M>)

Indeterminate 3 0.015 0.03, 0.10, 0.30 min(0.25Msh, M>)

Note—Msh is the mass contained in the inferred driving shell and M> is the mass above the inner edge
of that shell.

A.7. Finite ejection episodes along each sequence1092

A non-zero Ṁ at a single stored model is not inter-1093

preted as a long-lived steady wind. Instead, it marks1094

that stored model as pulsationally active. We do not1095

impose an additional floor in event mass or duration at1096

this grouping stage: models with Ṁ = 0 are treated1097

as quiescent, while contiguous active models are merged1098

into one episode. If only one stored model in a local in-1099

terval is active, we still assign it a finite duration based1100

on the shorter of the local evolutionary spacing and an1101

intrinsic pulsation timescale,1102

∆teff = min[∆thalf−gap, max(Ngrowτgrow, NPP )] .

(A40)1103

The mass associated with an isolated episode is then1104

∆Mep ≃ Ṁ ∆teff , (A41)1105

while multi-model episodes are integrated over the sam-1106

pled active interval. In this bookkeeping, every non-zero1107

Ṁ estimate in the sampled sequence belongs to exactly1108

one episode, so there is no separate off-episode contri-1109

bution omitted from the cumulative ejecta mass. In all1110

cases, the low, fiducial, high, and upper-limit branches1111

are kept mutually consistent and are subject to the same1112

reservoir cap.1113

A.8. Velocity scales and shell estimates1114

Finally, we translate the episode-integrated results1115

into a small set of observer-facing quantities. Alongside1116

the escape speed, we define two characteristic pulsation1117

speed scales,1118

vR/P =
R⋆

P
, v2πR/P =

2πR⋆

P
, (A42)1119

and the displacement amplitude required for a sinusoidal1120

oscillation to reach escape,1121

Acrit,esc =
vescP

2πR⋆
. (A43)1122

We also report radiative momentum and energy limits,1123

vL/c =
L⋆

Ṁc
, vtir =

[
max

(
0,

2L⋆

Ṁ
− v2esc

)]1/2
.

(A44)1124

These are not predictions of a unique terminal veloc-1125

ity; they are compact measures of whether the inferred1126

event-averaged mass flux is broadly compatible with the1127

available radiative budget.1128

To estimate where ejected material would lie at a later1129

time, we propagate each episode outward with a simple1130

bracket of launch speeds,1131

vlow = vR/P , vhigh = v2πR/P . (A45)1132

For an episode evaluated at time tref , with start and end1133

times tstart and tend, the inner and outer shell radii are1134

rin = max[rlaunch, vlow(tref − tend)+] , (A46)1135

rout = max[rin, rlaunch + vhigh(tref − tstart)+] , (A47)1136

where (x)+ = max(x, 0). From these we define the shell1137

thickness,1138

∆R = rout − rin, (A48)1139

and the thin-shell surface density,1140

Σsh(r) ≃
Msh

4πr2
, (A49)1141

which gives an optical-depth proxy,1142

τ(r) ≃ κΣsh(r). (A50)1143

For the shell diagnostics quoted in the main text, we1144

evaluate this proxy at the inner edge, outer edge, and1145

geometric-mean radius of the shell, giving τin = τ(rin),1146

τout = τ(rout), and τgeo = τ(
√
rinrout). Unless stated1147

otherwise, we adopt a constant electron-scattering opac-1148

ity κ = 0.34 cm2 g−1 for these order-of-magnitude esti-1149

mates.1150

A.9. Composition of the ejected layers1151

For selected episodes we also examine the composition1152

of the outer layers implicated by the inferred mass loss.1153

If an episode ejects a mass ∆Mep, the corresponding1154

outer mass depth is1155

∆qep =
∆Mep

M⋆
. (A51)1156
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We then inspect the abundance profiles over the outer1157

mass interval associated with that depth. This proce-1158

dure does not introduce any additional mixing or nu-1159

cleosynthesis; it simply identifies the composition of the1160

layers that would be sampled by an ejection of the in-1161

ferred depth. These abundance diagnostics are used only1162

as a post-processing aid when interpreting the compo-1163

sition of the expelled material. The abundance ratios1164

reported in the main text are computed from the inte-1165

grated shell masses over that selected interval and are1166

quoted as shell-averaged logarithmic number ratios.1167

A.10. Metallicity dependence of the shell and ejecta1168

diagnostics1169

Table A2 shows that all five Phase XVI sequences1170

end with nearly the same final mass, Mf ≃ 105 M⊙,1171

but not with the same late-time pulsational behaviour.1172

The main metallicity dependence appears instead in the1173

number of eruptive episodes, the amount of mass re-1174

moved, the compactness of the terminal envelope, and1175

the chemistry of the expelled shell. The central result is1176

already clear from the table itself: pulsation-driven shell1177

ejection is not unique to the Z = 10−2 Z⊙ model, but is1178

present from Pop III to 10−2 Z⊙.1179

The non-monotonic behaviour with metallicity is1180

physically expected. In luminous stars, strange-mode1181

instability is not controlled by a single opacity feature.1182

Classical stability calculations identify one family asso-1183

ciated with He ionization and another associated with1184

heavy-element opacity enhancement (M. Kiriakidis et al.1185

1993). The first can remain important even at very low1186

metallicity, while the second becomes stronger as metal1187

opacity increases. Near-Eddington envelopes can there-1188

fore remain susceptible to inflation and strange-mode1189

driving across a wide metallicity range. The existence1190

of pulsations is thus generic, but their timing, multiplic-1191

ity, and ejecta yield need not vary smoothly with Z.1192

This interpretation helps explain the burst statistics1193

in Table A2. The Z = 10−3 Z⊙ sequence produces the1194

largest number of fiducial episodes, Nep = 28, whereas1195

the Z = 10−5 Z⊙ model yields the largest cumula-1196

tive ejecta mass, ∆Mej = 6.26 × 103 M⊙ on the fidu-1197

cial branch and 1.47 × 104 M⊙ on the upper branch.1198

By contrast, the Z = 10−2 Z⊙ case shows only four1199

fiducial episodes and the smallest total ejected mass,1200

∆Mej = 4.80× 102 M⊙. Frequent bursting and efficient1201

mass removal are therefore not the same thing.1202

The terminal structural quantities in Table A2 divide1203

the grid into two broad regimes. The Pop III model is1204

the clear outlier: it ends much hotter and more compact,1205

with log Teff,f = 4.872 and vesc,last = 7731 km s−1. The1206

metal-enriched models instead cluster near log Teff,f ≃1207

4.0 and vesc,last ≃ 1200–1600 km s−1, while all retain1208

ΓEdd,f ≈ 1. This suggests that the decisive metallicity1209

effect is not a large change in L/M itself, but a change1210

in how that near-Eddington luminosity is expressed in1211

the envelope structure. Once the metal-enriched mod-1212

els settle into cooler and less tightly bound envelopes,1213

strange-mode driving can more easily expel optically im-1214

portant outer material.1215

The shell quantities strengthen the same conclusion.1216

Across the entire grid, the shell identified in Table A21217

remains compact and optically thick, with τes between1218

∼ 7.4 × 102 and 1.3 × 104. Thus, the production of1219

a dense inner shell is not restricted to one metallicity.1220

What changes with Z is the balance between total ejecta1221

mass, shell compactness, and terminal stellar state. In1222

this sense, the Z = 10−2 Z⊙ model is not special be-1223

cause it maximizes the ejected mass. It is special be-1224

cause it provides the clearest LRD analogue, combining1225

the coolest enriched terminal state with a compact op-1226

tically thick shell.1227

The chemical columns of Table A2 add a second strong1228

conclusion. The Pop III shell is chemically distinct,1229

with very large positive log(C/O) and log(N/O), mark-1230

ing the extreme primary-processing limit. Among the1231

metal-enriched models, the shells remain H/He domi-1232

nated, but the detailed CNO pattern changes with both1233

metallicity and ejection depth. The Z = 10−5 Z⊙ and1234

Z = 10−4 Z⊙ models show appreciable branch sensitiv-1235

ity, especially in log(N/O), whereas the Z = 10−3 Z⊙1236

and Z = 10−2 Z⊙ cases give robust nitrogen-rich shells.1237

For the Z = 10−3 Z⊙ model, log(N/O) = 0.334–0.359.1238

For the Z = 10−2 Z⊙ model, the final-shell values are1239

log(N/O) ≃ 0.13 and 0.10 for the fiducial and up-1240

per branches, respectively, consistent with the main-1241

text shell analysis. The He/H ratio varies much less1242

than the CNO ratios, confirming that these events ex-1243

pel outer H/He envelope material rather than exposing1244

a fully processed core. Among the metal-enriched mod-1245

els, Ne/O is also more stable than N/O, which makes1246

N/O the sharper abundance discriminator.1247

Taken together, Table A2 shows that late pulsational1248

shell ejection is a generic feature of our SMS models, not1249

a peculiarity of the Z = 10−2 Z⊙ sequence. Metallicity1250

does not decide whether such shells occur at all; it regu-1251

lates how they occur. Lower and intermediate metallic-1252

ities can eject more total mass and often do so through1253

more numerous episodes, while finite-metallicity models1254

near 10−3–10−2 Z⊙ produce the clearest combination of1255

a cool inflated terminal state, a compact optically thick1256

shell, and an observationally useful nitrogen-rich com-1257

position.1258
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A.11. GR stability analysis1259

At each stellar-evolution timestep, we assess the ap-1260

proach to collapse with three complementary GR sta-1261

bility criteria: the full linear adiabatic GR analysis of1262

H. Saio et al. (2024), the post-Newtonian instability es-1263

timate of L. Haemmerlé (2021a), and the GR radial-1264

stability method of C. Nagele et al. (2022). The first1265

two define the main evolutionary instability point used1266

in the stellar-evolution analysis, while the Nagele et al.1267

criterion is also used to select the snapshot for the hydro-1268

dynamic follow-up. In practice, this criterion identifies1269

a slightly earlier unstable model and avoids remapping a1270

profile with an artificially steep outer pressure gradient.1271

For the direct GR radial-stability check, we solve the1272

Chandrasekhar pulsation equation (?),1273

e−2a−b d

dr

[
e3a+bΓ1P

r2
d

dr

(
e−ar2ξ

)]
− 4

r

dP

dr
ξ

+ e−2a+2bω2(P + ρc2)ξ − 8πG

c4
e2bP (P + ρc2)ξ

− 1

P + ρc2

(
dP

dr

)2

ξ = 0,

(A52)

1274

which has previously been applied to numerical SMS1275

models (L. Haemmerlé 2021a; C. Nagele et al. 2022).1276

Here ρ = ρbaryon(1 + ϵ/c2) is the relativistic density, a1277

and b are metric coefficients, and ξ(r)eiωt is the radial1278

displacement. The solutions form a discrete mode se-1279

quence with ω2
n < ω2

n+1. Instability therefore occurs1280

once the fundamental mode satisfies ω2
0 < 0. We have1281

cross-checked this criterion against the hydrodynamic1282

collapse calculations described below.1283

A.12. 1D GR hydrodynamic follow-up1284

Once an unstable snapshot is selected with the GR1285

stability analysis above, we remap the GENEC structure1286

to a 1D Lagrangian GR hydrodynamics code (C. Nagele1287

et al. 2020). The code includes a 52-isotope nuclear1288

network and thermal-neutrino cooling (C. Nagele et al.1289

2021). We use this calculation as a consistency check1290

on the linear stability analysis and to verify the final1291

collapse outcome of the unstable SMS.1292

Figure 6 illustrates the collapse dynamics in the base-1293

line run. The velocity profiles are initially close to ho-1294

mologous, with inward motion across most of the star.1295

At later times, the inner regions accelerate more strongly1296

than the outer layers, and the collapse becomes increas-1297

ingly centrally concentrated as black-hole formation ap-1298

proaches. In the baseline non-rotating calculation, we1299

find collapse rather than disruption.1300

Figure 6. Radial velocity profiles in units of c as a function
of enclosed mass coordinate for selected times in the 1D GR
hydrodynamic follow-up of the unstable SMS model. The
collapse is initially close to homologous, with inward motion
across most of the star, and later becomes increasingly cen-
trally concentrated as black-hole formation approaches.

A.13. Why a truly cool hydrostatic photosphere is not1301

required1302

The shell-reprocessing picture above offers a natural1303

explanation for the low apparent continuum tempera-1304

tures inferred for some LRDs. It also avoids a difficulty1305

faced by models in which the central source itself has a1306

true hydrostatic photosphere at Teff ∼ 3000–4000 K.1307

A stellar photosphere in that temperature range1308

should resemble a cool supergiant atmosphere. Such1309

spectra are expected to show strong molecular absorp-1310

tion bands, especially from TiO, and often also from C21311

and CN (E. M. Levesque 2017). These features should1312

remain visible even at low spectral resolution. Even red1313

supergiants with weak CN still show clear TiO struc-1314

ture (P. Guhathakurta et al. 2025). By contrast, a hot-1315

ter source seen through an expanding dense shell can1316

produce a much cooler continuum without requiring the1317

underlying source itself to be a 3000–4000 K star.1318

Dense shells also provide a natural route to redden-1319

ing. A moderately reddened Teff ∼ 7000 K atmosphere1320

can resemble a cooler atmosphere without strong molec-1321

ular bands in low-resolution data. This helps explain1322

why continuum-based temperature estimates alone may1323

bias the source toward artificially low values. The low-1324

redshift LRD analog J1025 + 14 supports this caution.1325

Its continuum appears very cool, yet its absorption fea-1326

tures imply substantially higher surface temperatures1327

(R. Lin et al. 2025; X. Ji et al. 2026).1328
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Table A2. Summary of the five 105 M⊙ Phase XVI sequences as a function of metallicity. Listed are the number
of fiducial ejection episodes, the total integrated ejected mass ∆Mej, the largest single-episode ejecta mass Mep,max,
the final stellar mass Mf , the final effective temperature log Teff,f , the final Eddington factor ΓEdd,f , the terminal
escape speed vesc,last, the upper launch-speed proxy v+launch, and the characteristic radius Rsh and electron-scattering
optical depth τes of the most relevant shell. The final columns give the integrated ejecta abundance ratios log(C/O),
log(N/O), log(He/H), and log(Ne/O) as logarithmic number ratios. For cells with two entries, the upper and lower
values correspond to the fiducial and upper-limit cases, respectively.

Z/Z⊙ Nep

∆Mej

[M⊙]

Mep,max

[M⊙]

Mf

[M⊙] log Teff,f ΓEdd,f

vesc,last

[km s−1]

v+
launch

[km s−1]

Rsh

[pc] τes log(C/O) log(N/O) log(He/H) log(Ne/O)

0 14
2004.6
2711.8

976.6
1004.8 100662 4.872 0.977 7731 5058 1.4e-05 1.26 × 104

2.805
2.797

3.542
3.538

-1.083
-1.083

-9.446
-9.440

10−5 24
6262.1
14656.4

755.9
1000.1 100888 4.018 1.005 1432 1291 1.2e-04 2.30 × 103

-0.756
-0.832

-0.109
0.145

-1.048
-0.917

-0.542
-0.528

10−4 14
1854.8
3336.2

990.5
1000.9 100653 4.058 1.006 1574 1382 5.3e-05 2.25 × 103

-0.385
-0.562

-0.519
-0.253

-1.077
-1.057

-0.545
-0.535

10−3 28
4827.4
7196.6

998.9
999.2 100185 4.066 0.994 1555 29656 9.3e-05 742.71

-0.249
-0.246

0.334
0.359

-0.659
-0.630

-0.551
-0.551

10−2 4
479.9
1039.6

348.0
599.9 100254 3.965 0.980 1176 1358 1.5e-04 2.46 × 103

-0.232
-0.263

0.13
0.10

-0.966
-0.969

-0.505
-0.505

Note—For cells with two entries, the upper and lower values correspond to the fiducial and upper-limit cases, respectively. Rsh is in pc. Abundance
ratios are logarithmic number ratios.
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